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ABOUT THE CUNTZ COMPARISON FOR
NON-SIMPLE C∗-ALGEBRAS
GEORGE ELLIOTT AND KUN WANG
Abstract. We study the Cuntz semigroup for non-simple
C∗-algebras in this paper. In particular, we use the extended
Elliott invariant to characterize the Cuntz comparison for C∗-
algebras with the projection property which have only one
ideal.
1. Introduction
Classification of C∗-algebras by using the so-called Elliott invari-
ant has been shown to be very successful in many cases. Recent
examples due first to Rørdam and later Toms have shown the cur-
rently proposed invariants to be insufficient for the classification of
all simple, separable, and nuclear C∗-algebras. There are simple,
separable, and nuclear C∗-algebras that can be distinguished by
their Cuntz semigroups but not by their Elliott Invariant. So the
Cuntz semigroup has become popular and important.
In [3], Brown, Perera and Toms recover the Cuntz semigroup
for a class of simple C∗-algebras by using the ingredient of Elliott
invariant—the Murry-von Neumann semigroup and lower semi-
continuous dimension functions. In this paper, we give a charac-
terization of Cuntz comparability for a class of C∗-algebras with
only one ideal by using the Murry-von Neumann semigroup and
lower semi-continuous dimension functions on the C∗-algebra and
on its ideal. We will give a example to see that though the ex-
tended valued traces can reflect the ideal structure of C∗-algebras,
the traces on ideals still have their own meaning.
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2. Cuntz Comparability
Let A be a C∗-algebra, and let Mn(A) denote the n×n matrices
whose entries are elements of A. Let M∞(A) denote the alge-
braic limit of the direct system (Mn(A), φn), where φn : Mn(A)→
Mn+1(A) is given by
a 7−→
(
a 0
0 0
)
.
Let M∞(A)+ (resp. Mn(A)) denote the positive elements in M∞(A)
(resp. Mn(A)). For positive elements a and b in M∞(A), write a⊕b
to denote the element
(
a 0
0 b
)
, which is also positive in M∞(A).
Definition 2.1. Given a, b ∈ M∞(A)+, we say that a is Cuntz
subequivalent to b (written a - b) if there is a sequence (vn)∞n=1 of
elements of M∞(A) such that
‖vnbv
∗
n
− a‖
n→∞
−−−→ 0.
We say that a and b are Cuntz equivalent (written a ∼ b) if
a - b and b - a. This relation is an equivalence relation, and
write 〈a〉 for the equivalence class of a. The set
W(A) := M∞(A)+/ ∼
becomes a positively ordered Abelian monoid when equipped with
the operation
〈a〉+ 〈b〉 = 〈a⊕ b〉
and the partial order
〈a〉 ≤ 〈b〉 ⇐⇒ a - b.
In the sequel, we refer to this object as the Cuntz semigroup of A.
Proposition 2.2. ([[12], Proposition 2.4]) Let A be a C∗-algebra,
and let a, b be positive elements in A. The following are equivalent:
(i) a - b,
(ii) for all ε > 0, (a− ε)+ - b,
(iii) for all ε > 0, there exists δ > 0 such that (a− ε)+ - (b− δ)+,
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(iv) for all ε > 0, there exists δ > 0 and x in A such that
(a− ε)+ = x
∗(b− δ)+x.
Proposition 2.3. ([15], Proposition 2.2) Let A be a C∗-algebra.
Let a, p ∈ M∞(A)+ be such that p is a projection and p - a. Then
there exists b ∈ M∞(A)+ such that p⊕ b ∼ a.
Definition 2.4. Let A be a local C∗-algebra. A dimension func-
tion on A is a mapping D : A→ [0,∞) such that:
(i) sup{D(a)|a ∈ A} = 1 (normalization).
(ii) If a⊥b (i.e., ab = ab∗ = a∗b = a∗b∗ = 0), then D(a + b) =
D(a) +D(b).
(iii) For all a, D(a) = D(aa∗) = D(a∗a) = D(a∗).
(iv) If 0 ≤ a ≤ b, then D(a) ≤ D(b).
(v) If a - b (i.e., there exists xn, yn with {xnbyn} converging to
a in norm), then D(a) ≤ D(b).
Proposition 2.5. ([13], Corollary 4.7) Let A be a C∗-algebra for
which W (A) is almost unperforated (in particular, A could be a
Z-absorbing C∗-algebra). Let a, b be positive elements in A. Sup-
pose that a belongs to AbA and such that d(a) < d(b) for every
dimension function d on A with d(b) = 1. Then a - b.
Lemma 2.6. (see also in [7]) Let A be an exact C∗-algebra for
which W (A) is almost unperforated (in particular, A could be a
Z-absorbing C∗-algebra). Let a, b be positive elements in A. Sup-
pose that a belongs to AbA and such that dτ (a) < dτ (b) for every
dimension function dτ on A with dτ (b) = 1. Then a - b.
Proof. Suppose d is any dimension function on A with d(b) = 1.
Let
d¯(〈x〉) = lim
ε→0
d(〈fε(x)〉),
where
fε(t) =


0, t ≤ ε
t−ε
ε
, ε ≤ t ≤ 2ε
1, t ≥ 2ε.
Then d¯ is a lower semi-continuous dimension function onA. There-
fore, d¯ = dτ for some τ ∈ TA. (This follows from Blackadar and
Handelman, [[1], Theorem II.2.2].)
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If d¯(b) = 0, then a ∈ AbA implies a - b ⊗ 1k for some integer
k. Therefore, d¯(a) = 0 since 0 ≤ d¯(a) ≤ kd¯(b) = 0. Hence
d(〈fε(a)〉) ≤ d¯τ (a) = 0 for any ε > 0.
If d¯(b) 6= 0, then let l , d¯/d¯(b), which is a lower semi-continuous
dimension function with l(b) = 1. Then by the assumption
d(〈fε(a)〉)/d¯(b) ≤ l(〈a〉) < l(〈b〉) ≤ d(〈b〉)/d¯(b).
Hence
d(〈fε(a)〉) ≤ d¯(〈a〉) < d¯(〈b〉) ≤ d(〈b〉).
In either case, we have
d(〈fε(a)〉) < d(〈b〉) for ∀ε > 0.
Since a ∈ AbA, fε(a) ∈ AbA. Therefore, by Proposition 2.5
fε(a) - b for ∀ε > 0.
Hence a - b.

Definition 2.7. Let A be a C∗-algebra with the ideal property. Let
A++ be the set of A+ consisting of all positive elements which are
not Cuntz equivalent to a non-zero projection in any quotient of
A.
Lemma 2.8. Let A be an exact C∗-algebra for which W (A) is
almost unperforated (in particular, A could be a Z-absorbing C∗-
algebra). Let a ∈ A++ and p be a projection in A. Then p - a
if and only if p ∈ AaA and dτ (p) < dτ (a) for each τ ∈ TA with
dτ(a) = 1.
Proof. The reverse direction immediately follows from Lemma 2.6.
Now suppose p - a, then by Proposition 2.3, there exists a positive
element c with p ⊕ c ∼ a. Considering the quotient A/(c), where
(c) stands for the ideal generated by c, we have a ∼ p in A/(c).
Therefore, 0 = a = p in A/(c). Hence p ∈ (c).
If dτ (c) = 0, then dτ(p) = 0, which implies dτ (a) = 0. Therefore,
if dτ (a) 6= 0, then dτ (c) 6= 0, hence dτ (p) < dτ (a).

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3.
Lemma 3.1. Let A be a C∗-algebra such that 0 → I
ι
−→ A
pi
−→
A/I → 0 is a short exact sequence. Let q ∈ A satisfying pi(q) is a
projection in A/I but q is not a projection in A. Suppose a ∈ A++.
Then q - a if and only if
(1) dτ (q) < dτ (a) for every τ ∈ TA with ker τ = I, and
(2) dτ (q) ≤ dτ (a) for every τ ∈ TA with ker(τ) = {0}.
Proof. Suppose q - a. Then dτ (q) ≤ dτ (a) for all τ ∈ TA. Let
[x] = pi(x) be the equivalent class of x in A/I for any x ∈ A. Since
[q] - [a] in A/I and [q] is a projection, by Proposition 2.3, there
exists b ∈M∞(A) such that
[q]⊕ [b] ∼ [a].
Since a ∈ A++, [a] is not a projection. So [b] 6= 0. If τ ∈ TA
with ker(τ) = I, then τ is a lower semi-continuous trace on A/I.
Therefore,
dτ([q]) + dτ ([b]) = dτ ([a]).
Thus, dτ (q) < dτ(a) for τ ∈ TA with ker τ = I.
Now suppose the condition (1) and (2) hold. If τ ∈ TA satis-
fying ker(τ) = 0, then τ is a faithful trace on A. Since q is not a
projection in A, 0 ∈ σ(q) is not an isolated point. For any ε > 0,
there exists δ ∈ σ(q) such that
dτ ((q − ε)+) < dτ ((q − δ)+).
Thus
dτ ((q − ε)+) < dτ ((q) ≤ dτ(a) for all τ ∈ TA with ker τ = {0}.
Therefore,
dτ ((q − ε)+) < dτ (a) for all τ ∈ TA.
By Lemma 2.6,
(q − ε)+ - a for all ε > 0.
Thus, q - a.

Remark 3.2. For the second part of above proof, a can be any
positive element. That is, we do not require a that belong to A++.
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Lemma 3.3. Let A be an exact, Z-stable C∗-algebra. Suppose A
has only one non-trivial ideal I, which is also exact and Z-stable.
Let a ∈ A++ and b ∈ A+. Then a - b if and only if dτ (a) ≤ dτ (b)
for every τ ∈ TA,
Proof. The sufficiency is clear.
If a = 0, then the conclusion is true. So we assume a 6= 0.
If a, b ∈ I, then for any τ ∈ TI, τ can be extended to an
element in TA. Thus, dτ(a) ≤ dτ (b) for every τ ∈ TA implies
dτ(a) ≤ dτ (b) for every τ ∈ TI. Since I is simple, a - b follows
from the Proposition 2.6 of [15].
Since a ∈ A++ and a 6= 0, there is a strictly decreasing sequence
εn of positive real numbers in σ(a) converge to 0.
If a ∈ I, b /∈ I, then dτ ((a − εn)+) ≤ dτ (a) = 0 < dτ (b) for
all τ ∈ TA with ker τ = I and all n ∈ N. For τ ∈ TA with
ker τ = {0}, we have
dτ ((a− εn)+) < dτ(a) ≤ dτ (b) for all n ∈ N.
Therefore, in this case we can get
dτ ((a− εn)+) < dτ (b) for all τ ∈ TA, and all n ∈ N.
By Lemma 2.6, (a − εn)+ - b for all n ∈ N. Since the set {x ∈
A+|x - b} is closed, and since (a − εn) → a in norm, we have
a - b.
If a /∈ I, and b /∈ I, for τ ∈ TA with ker τ = {0}, we have
dτ ((a− εn)+) < dτ(a) ≤ dτ (b) for all n ∈ N.
For any τ ∈ TA with ker τ = I, then τ is a lower semi-continuous
trace on A/I and dτ ([a]) ≤ dτ ([b]). Since a ∈ A++ and [a] 6= 0,
there is a strictly decreasing sequence δm of positive real numbers
in σ([a]) converge to 0. Since A/I is simple, every trace on A/I is
faithful.
dτ (([a]− δn)+) < dτ ([a]) ≤ dτ ([b])
for all τ ∈ T(A) with ker τ = I and all m ∈ N. Therefore,
dτ ((a− δn)+) < dτ (b)
for all τ ∈ T(A) with ker τ = I and all m ∈ N. Since both {εn}
and {δm} are sequences converging to 0, there exist subsequence
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nk and mk such that εn1 ≥ δm1 ≥ εn2 ≥ δm2 · · · . Without loss of
generality, we can assume nk = mk = k. Therefore,
dτ ((a− εn)+) < dτ (b) for all τ ∈ TA and all n ∈ N.
Thus, (a− εn)+ - b for all n ∈ N. So a - b.

4.
Lemma 4.1. Let A be a C∗-algebra and x, y ∈ A be two positive
elements. For any ε > 0, there exists δ > 0 such that: if
‖x
1
2y
1
2‖ < min{δ,
δ
‖x+ y‖
, 1},
then
[
(
x 0
0 y
)
− ε]+ -
(
x+ y 0
0 0
)
.
Proof. Since
(
x2 0
0 y2
)
∼
(
x 0
0 y
)
, for any ε > 0, there exists
δ > 0 such that
[
(
x 0
0 y
)
− ε]+ - [
(
x2 0
0 y2
)
− δ]+.
Let
ω =
(
x
1
2 y
1
2
y
1
2 x
1
2
)(
x+ y 0
0 0
)(
x
1
2 y
1
2
y
1
2 x
1
2
)
=
(
x2 + x
1
2yx
1
2 x
3
2 y
1
2 + x
1
2 y
3
2
y
1
2x
3
2 + y
3
2x
1
2 y
1
2xy
1
2 + y2
)
.
Then
‖w −
(
x2 0
0 y2
)
‖
=‖
(
x
1
2 yx
1
2 x
3
2 y
1
2 + x
1
2 y
3
2
y
1
2x
3
2 + y
3
2x
1
2 y
1
2xy
1
2
)
‖ < δ,
since
‖x
1
2yx
1
2‖ = ‖(x
1
2y
1
2 )(x
1
2 y
1
2 )∗‖ = ‖x
1
2y
1
2‖2 < δ,
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‖x
3
2 y
1
2 + x
1
2y
3
2‖ = ‖x
1
2 (x+ y)y
1
2‖ = ‖(x+ y)
1
2 y
1
2x
1
2 (x+ y)
1
2‖
≤‖(x+ y)
1
2‖2‖x
1
2 y
1
2‖ = ‖x+ y‖‖x
1
2 y
1
2‖ < δ.
Therefore,
[
(
x 0
0 y
)
− ε]+ - [
(
x2 0
0 y2
)
− δ]+ - ω -
(
x+ y 0
0 0
)
.

Lemma 4.2. Let A be a C∗-algebra such that
0→ I
ι
−→ A
pi
−→ A/I → 0
is a short exact sequence, where I is a closed two-sided ideal of A.
Suppose {pn} is a quasi-central approximate unit of I consisting of
projections. Let a, b be two positive elements in A. Then [pi(a)] -
[pi(b)] in A/I if and only if, for any ε > 0, there exists an integer
N > 0 such that
[(1− pn)a(1− pn)− ε]+ - (1− pn)b(1 − pn)
for all n ≥ N .
Proof. Necessity. If for any ε > 0, there exists an integer N > 0
such that
[(1− pn)a(1− pn)− ε]+ - (1− pn)b(1 − pn)
for all n ≥ N . Then
(pi(a)− ε)+ = (pi((1− pN)a(1− pN ))− ε)+
= pi((1− pN)a(1− pN)− ε)+
- pi((1− pN )b(1− pN ))
= pi(b).
Since the above relation holds for all ε > 0, by Proposition 2.2,
pi(a) - pi(b).
Sufficiency. if [pi(a)] - [pi(b)] in A/I, then there exist {vk}∞k=1
in A, such that
[pi(a)] = lim
k→∞
[pi(vk)][pi(b)][pi(vk)]
∗.
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Given ε > 0, we can find k0 such that
‖[pi(a)]− [pi(vk0)][pi(b)][pi(vk0)]
∗‖ < ε/2.
Thus there exists d ∈ A such that
([pi(a)]− ε/2)+ = [pi(d)][pi(b)][pi(d)]
∗.
Since [pi(a)] = [pi((1− pn)a(1− pn))] and [pi(b)] = [pi((1− pn)b(1−
pn))] for all n ∈ N, we can find cn ∈ I such that
((1− pn)a(1− pn)− ε/2)+ = d(1− pn)b(1 − pn)d
∗ + cn.
Multiplying pn from both left and right sides of the above equation,
we get
pn((1−pn)a(1−pn)−ε/2)+pn = pnd(1−pn)b(1−pn)d
∗pn+pncnpn.
Since pn is a quasi central approximate unit of I,
lim
n
‖pn((1− pn)a(1− pn)− ε/2)+pn‖ = 0,
lim
n
‖pnd(1− pn)b(1 − pn)d
∗pn‖ = 0.
Therefore, lim
n
‖pncnpn‖ = 0. Thus, lim
n
‖cn‖ = 0. Then we can find
a natural number N such that for all n ≥ N,
‖((1− pn)a(1− pn)− ε/2)+ − d(1− pn)b(1− pn)d
∗‖ < ε/2.
Thus
(((1− pn)a(1− pn)− ε/2)+ − ε/2)+ - d(1− pn)b(1− pn)d
∗
for all n ≥ N. That is,
((1− pn)a(1− pn)− ε)+ - d(1− pn)b(1 − pn)d
∗ for all n ≥ N.

Lemma 4.3. Let A be a separable C∗-algebra and I be an ideal of
A. Suppose {pn}
∞
n=1 is a quasi-central approximate unit of I. If
a, b are two positive elements in A satisfying
pi(a) - pi(b) and pnapn - pnbpn
for all sufficiently large n. Then a - b.
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Proof. By assumption, we know that
a = (a− pnapn) + pnapn
-
(
a− pnapn 0
0 pnapn
)
-
(
b− pnbpn 0
0 pnbpn
)
For any ε > 0, there exists ε′ > 0 such that
(a− ε)+ - [
(
b− pnbpn 0
0 pnbpn
)
− ε′]+. (∗)
Since {pn} is a quasi-central approximate unit for I,
(b− pnbpn)pnbpn = (1− pn)bpnbpn → 0.
For ε′ > 0, applying Lemma 4.1, there exists δ and N ∈ N such
that: for all n ≥ N we have
‖(b− pnbpn)pnbpn‖ < min{δ,
δ
‖b‖
, 1}.
Therefore,
[
(
b− pnbpn 0
0 pnbpn
)
− ε′]+ -
(
b 0
0 0
)
.
for all n ≥ N. Combining with (∗), we get
(a− ε)+ - b for all ε > 0.
Thus, a - b.

5.
For a C∗-algebra A with one ideal I which has the projection
property, we define
W˜ (A) = V (A) ⊔ LAff(T (A))++ ⊔ LAff(T (I))++
and a map
ι : W (A)→ W˜ (A)
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ι(a) =


[a] if a ∈ V (A)
d·(a) if a ∈ A++
d·(a) if a ∈ P(A/I)
Theorem 5.1. ι is an isomorphism.
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